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Abstract 

In this paper we construct an Loo structure on polyvector fields on a vector space 
V over C where V may be infinite-dimensional. We prove that the constructed L^o 
algebra of polyvector fields is L^o equivalent to the Hochschild complex of polynomial 
functions on V , even in the infinite-dimensional case. For a finite-dimensional space 
V, our Loo algebra is equivalent to the classical Schouten-Nijenhuis Lie algebra 
of polyvector fields. For an infinite-dimensional V, it is essentially different. In 
particular, we get the higher obstructions for deformation quantization in infinite- 
dimensional case. 

1 The set-up 

Let V = ©i>oK be an infinite-dimensional non-negatively graded vector space over C 
with finite-dimensional components Vi. Our goal in this paper is to establish the Kont- 
sevich formality theorem for the Hochschild complex of the algebra S{V*) = S{(Bi>oV*). 

We start the paper with defining what are the right versions of polyvector fields on V 
and of the cohomological Hochschild complex of S{V*) for an infinite-dimensional vector 
space V with finite-dimensional graded components. Then we prove an analog of the 
Hochschild-Kostant-Rosenberg theorem in our setting. 

1.1 The polyvector fields TuniV) 

First of all, let us define an appropriate Lie algebra of polyvector fields Tp^iy (V). We want 
to allow some infinite sums. Here is the precise definition. An i-linear polyvector field 
7 of inner degree is a (possibly infinite) sum in S{V*)f^A^(y) such that all summands 
have degree k (here we set deg V* = —a). With a fixed element in A^(y), its "coefficient" 
maybe only a finite sum because the vector space V is non-negatively graded. We denote 
the space of i-linear polyvector fields of inner degree k on the space V by T^^{V). Now 
the space of i-linear polyvector fields T^^{V) is by definition a direct sum T^^{V) = 
(BkT^l^{V). That is, any polyvector field has a finite number of non-zero inner degrees. 
The Schouten-Nijenhuis bracket of two such polyvector fields is well-defined. We denote 
this graded Lie algebra by T{i^{V). 



1.2 The Hochschild complex Hoch;^X5(y*)) 

Now wc define some Hochschild cohomological complex of the algebra S(V*) = S{(BiV^*) 
which has as its cohomology the graded Lie algebra Tfi^(V). 

We define an ^-cochain as an element in Ilom.{S{V*)'^^, S{V*)) having only a finite 
number of different inner grading s. Here we set, as before, S(y*) = S{(BiV*). Wc denote 
this Hochschild complex by B.och.}^^{S{V*)). It is a dg Lie algebra with the Gerstenhaber 
bracket. 

The cohomology of this Hochschild complex can be interpreted as a derived functor, 
as follows. 

Denote by A the category whose objects are graded (with respect to the inner grading) 
>S'(y*)-bimodules, and whose morphisms are graded maps between them. Then A is an 
Abelian category. For an object X G Ob(yi), denote by X{k) the object of A whose 
inner grading defined as usual: {X{k)y = X^'^'^. 

We have the following lemma: 

Lemma. The cohomology ii"^(Hochgjj(S'(y*))) is equal to the 
'Ext^J^^{S{V*),(^)k&S{V*){k)). Here in the r.h.s. we have the direct sum, an ele- 
ment of it is a finite linear combination of elements of the summands. 

Proof. The bar-resolution of S(y*) is clearly a projective resolution of the tautological 
bimodule S{y*) in A. We compute the Exts functors using this resolution. The complex 
Homyi(Bar"(5(F*)), efcgz5(y*)(A;)) is exactly the complex Hoch;i^(5(y*)). □ 

1.3 The Hochschild-Kostant-Rosenberg theorem 

Define the Hochschild-Kostant-Rosenberg map ipHKR- 7fin(F) Hochg^(y) as 

^hkr{i) = ^{/i ® • • • ® a ^ l{dfi A • • • A d/fc)} (1) 

for 7 € r|jy). 

We have the following result: 

Theorem. The map fHKR - 7fin(l^) Hochg^(5(y*)) is a quasi-isomorphism of com- 
plexes. 

Proof. Consider the following Koszul complex K': 

...■^K3-^K2-^Ki-^Ko^O (2) 

where 

Ki = A''{V)^S{V*®V*) (3) 
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where all infinite tensor products are allowed, and the differential is 

k 

A • • • A ® /) = ^{-iy-\^,^ A • • • A 4 A • • • A ^^J ® {{xj - %)/) (4) 

where {xi} is a basis in compatible with the grading V = (BiVi, {j/j} is the same basis 
in the second copy of V, and {^j} is the corresponded basis in ^[1]. 

This Koszul complex is clearly a resolution of the tautological 5(y*)-bimodule S(y*) 
by free bimodulcs, it is a resolution in the category A because the differential d preserves 
the inner grading. When we compute iioniji{K' , (Bk&i.S{V*){k)), we get exactly Tfin(y) 
with zero differential. 

It remains to note that the image of the Hochschild-Kostant-Rosenberg map coincides 
with the cohomology classes in Hochfijj(T^) given by the Koszul resolution. □ 

1.4 Towards the formality for an infinite-dimensional space 

Let us comment here why the Kontsevich's formality theorem is not clear in the infinite- 
dimensional setting. Let us try to prove it using the Kontsevich's graphical technique 
from [K97]. Then, if a graph T contains an oriented cycle between some its vertices of 
the first type, the corresponding polydifferential operator Ut may be ill-defined for an 
infinite- dimensional vector space V. 

The reason for this is that an oriented cycle looks like trace which may be ill-defined 
for an operator on an infinite-dimensional space. 

We have, however, the following lemma: 

Lemma. Let T be a Kontsevich admissible graph in the sense of [K97] with n vertices 
of the first type and m vertices of the second type. Suppose that the graph T has no any 
oriented cycles between vertices of the first type. Let V be as above, and tei 71, . . . , 7„ € 
Tfiniy)- Then the Kontsevich's polydifferential operator Ut{^i A ■ ■ ■ A7„) is a well-defined 
element ofH.och^^{S{y*)). 

The proof is clear. 

Thus, only the graphs with oriented cycles cause a problem for us, and wc should 
exclude them from the graphical computations. Wc really succeed to do that by con- 
structing of a new propagator 1-form. However, we should pay for it: the Kontsevich's 
lemma [K97], Section 6.6 is not anymore true. It means that we get a new structure 
on rfin(^), such that the second Taylor component is the Schouten-Nienhuis bracket, 
and there arc higher non-vanishing Taylor components. 

We describe this L^o structure first. 
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2 An Loo structure on Tfi^{V) 
2.1 Configuration spaces Cn,r 

For an oriented graph T we denote by V(T) the set of its vertices, by E(T) the set of its 
edges, and for a vertex v £ V{T) we denote by Star{v) the set of outgoing edges from 
the vertex v, and by In{v) the set of outgoing edges from the vertex v. 

Throughout this Section, by an admissible graph T we mean an oriented graph 
without oriented loops. Its vertices are labeled by and it may have any 

number of edges, in particular, it is not necessarily connected. (The ordering of the 
vertices is a part of the data of an admissible graph). The ordering should obey the 
following relation. Denote by n{v) the label of the vertex n{v) G [1, . . . tll^(r)]. Then 
one should have: 

n{vi) < n{v2) if there is an edge viV2 (5) 

We denote the set of admissible graphs T with n vertices and E edges by G{n,E). 

Any graph without loops has at least one labeling obeying ([5]), but some of them 
clearly may have several admissible labeling, see Figure 1. 





Figure 1: The two possible labelings of a graph with 4 vertices 
Let r G G{n,E). Define the configuration space Cn,r, as follows: 
C„,r = {zi, ... ,Zn, Zi^ Zj for i / j. 



and lm{zj — Zi) < when is an edge of Fj/G 



(6) 



where = {z ^ az + c, a G IR>Oi c G C} is a 3-dimensional group of transformations. 

In particular, if £^ = we recognize the Kontsevich's configuration space C„ from 
[K97]. Dimension dimC„^r is equal to 2n — 3 and does not depend on F. 

Now suppose that ]\E{T) = 2n — 3. If e = Zjzj is an edge of F, we associate with it 
the differential 1-form 

1 Z'' — Z' 

(/>e = dAig{zj - Zi) = — dLog J (7) 

Zj Zj^ 
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The numeration of the vertices of F gives a corresponding numeration of the edges: firstly 
we count the edges outgoing from the vertex 1, in the order of the end- vertex, then we 
count the edges outgoing from the vertex 2, and so on. 
Define 

^r = ^/ A (8) 

Here in the wedge product we use the order of the 1-forms (pe corresponding to the 
ordering of the edges of F described above. 

Remark. In [K97], Section 6.2, M.Kontsevich has the combinatorial factor 
riijevcr) ^star{vy. before an analogous formula. The reason why we omit this factor here 
is the following. In [K97] in the definition of an admissible graph not only the vertices 
are labeled, but also the sets Star{v) for all vertices v are ordered. It is not necessary 
because as soon as the vertices are enumerated, there appears a canonical ordering, by 
the number of the end-vertex. Therefore, we omit here and thereafter this ingredient 
from the data of an admissible graph. As a consequence, we have not the mentioned 
above combinatorial factor. 

We prove firstly that Wr may be nonzero only for an even n. 

Lemma. For an odd n, the integral Wr = for any number of edges tl-E(F). 

Proof. Fix one vertex p using the group to the point -|- Oi, and let another point q 
move along the unit circle around p. Draw the vertical line i through p and consider the 
symmetry a with respect to i. We have the following general formula: 

a*uj= [ uj (9) 



c J atC 



where c is an oriented chain. 

In our case c = Cn,r and lo = AeG£;{r) 'f'e- We have: a^<j)e = —4>e (there are 2n — 3 
edges), and at each movable point (there is n — 1 of such points) the orientation changes 
to —1. Finally, if I is the integral, we have from ([9]): (—1)^""^/ = which 
implies that / = for an odd n. □ 

It is clear that when F is the graph with two vertices and one edge, Wr = 1- Maxim 
Kontsevich found an example of a graph with 4 vertices which has a nonzero weight Wr- 
Consider firstly a slightly different example, which we will use in the sequel. 

Example 1: Consider the graph F shown in Figure 2. Let us compute Wr for this 

graph. Fix the vertex 2 to the point -|- • i by the action of group G^, and let the vertex 

> 

3 move along the unit lower half-circle around 2. Let x be the angle of the arrow (2,3), 
—IT < X < 0. Then we can integrate over positions of the vertices 1 and 4 separately. 
Let us firstly integrate (for a fixed x) over 1, denote it z. 
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Figure 2: An admissible graph F with n = 4 and nonzero Wr 



We need to compute the integral 

h= dATg{-z) A dArg(-z + exp(ix)) (10) 

Jluiz>0 

We use the Stokes formula: 

/i = / Aig{—z)dArg(—z + exp{ix)) (11) 

^a(imz>o) 

The Stokes formula is applied to the domain D = {liaz > 0, e < |2;| < R} where e ^ 
and oo. There are two boundary strata which contribute to the integral: 

Ii = — lim / ATg{— z)dAvg(— z+ex.p{ix))+ lim / Arg(— 2;)(iArg(— z+exp(ix)) 

£^0 7|2|=£,Im2>0 ^-^°°J\z\=R,Iuiz>Q 

(12) 

The first integral in the limit £ — > is equal to ttx, and the second one in the limit 
i? — >^ oo is equal to ^tt^. The total answer is 

7l = -TTX + ^TT^ (13) 

Analogously we compute the integral I2 over position of the vertex 4. We get the same 
answer: 



Finally, 



I2 = -TTX + ^TT^ (14) 



W^r = ^ 1° h{x)l2{x)dx = ^ (15) 
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Example 2: More generally, if we have the graph T shown in Figure 3, the same 
computation shows that 



, i • ( -{tTX - \T,^)m+n+l\ |0 ^ 

7j-2m+2n+l VTTm + n+l^ 2 ' ^ ' 

It is clear that Wy 7^ for any m, n. 



m+n 



(16) 



(m + n + l)2'"+"+i 



m points 




n points 



Figure 3: The graph T from Example 2 



2.2 The Loo structure 

Let 71, . . . , 7„ are homogeneous poly vector fields. We are going to define the n-th Taylor 

component £n(7i A • • • A 7„). 

First of all, we define with each admissible graph F with n vertices and the ordered 
set 7i, . . . ,7„ of poly vector fields a new poly vector field >Cr(7i ® ■ ■ ■ 7n) which is 
i^'l^i dcg7j + n — tt£'(r)) -vector field. (Here we denote by deg 7 the Lie algebra degree, 
that is, \iV is concentrated in the cohomological degree zero, deg 7 = A; — 1 for a fe- vector 
field 7). 

When the target vector space V is finite-dimensional, the poly vector field £r(7i <8) 
■ ■ ■ ® 7n) is the sum 

CT{-1l®---®ln)= 4(71 7n) (17) 

/: E(r)^{l,2,...,dimy} 
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The polyvector field i2f (71 • • • <8) 7n) is the product over the vertices of T: 

>Cf(7i®---®7n)= A (18) 
vev{r) 

where the vertices come in the order fixed by the labehng of the vertices. Each ^'^ is 
defined as 

*^ = ( n 7) ){Mv)i^eeStar{v)dxi{e))) (19) 

where n{v) is the label of the vertex v, and the order in the wedge-product is fixed by 
the ordering of the set Star{v), as above (see Remark in Section 2.1). This completes 
the definition of >Cr(7i ■ ■ ■ <E> 7n) for a finite-dimensional vector space V. 

Now suppose that V = ©jg^^^ Vi where all graded components Vi are finite- 
dimensional, as in Section 1. We leave to the reader the proof of the following lemma: 

Lemma. The polyvector field £r(7i ® • • • <X'7n) is well-defined in the infinite- dimensional 
case of Section 1, when all 7^ G 7fin(F), and the graph T does not contain oriented cycles 
(which holds for any admissible graph). 

□ 

Now we give our main definition. Define for 71, . . . , 7^ G Tfin(V") the polyvector field 

>C„(7i A--- A7„) = Alt^,,...,^„( Wv CT{ji®---®ln)) (20) 

reG„,2n-3 

Here Alt is the sum over all permutations of 71, . . . ,7„ with signs, such that when we 
permute 7^ and 7^ the sign (— l)(^'=gT«+i)'(deg7j+i) appears, and Gn,2n-3 is the set of 
admissible connected graphs with n vertices and 2n — Z edges. 

Example. /32(7i A 72) = {71,72} is the Schouten-Nijenhuis bracket. 

Remark. In what follows, we deal with dg Lie algebras, and, more generally, algebras. 
Here we meet some sign problem. Indeed, for a dg Lie algebra we have two possible 
notions of skew-commutativity of the bracket: the first is [a,h]i = (— l)'^°s«degb+ij^^ 
and the second is [a,fe]2 = {—l)'^^'^^'^^^^'^'^^^^^^^\l3,a]2. In what follows we will use the 
second concept of skew-commutativity. 

Recall that an L^o algebra structure on a Z-graded vector space g is a coderivation 
Q of degree -1-1 of the free coalgebra ^(^[l]) such that = 0. If g is a Lie algebra, such 
a Q is the differential in the chain complex of the Lie algebra g. 

In coordinates, an structure on g is the collection of maps ("Taylor components" 
of the -Loo morphism) 

£„: A"g^g[2-n], n> 1 (21) 
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which satisfy for each > 1 the following quadratic equation: 

^^hi,-,9N Yl ±^/^b[iCai9i A ■ ■ ■ /\ ga) /\ 9a+l A ■ ■ ■ A gN)) = (22) 

a+b=N+l,a,b>l 

Turn back now to our polyvector fields £r(7i ® • • • ® 7n)- This polyvector field has 
degree Y27=i degji + n — ^E(T) — 1. When tji*^(r) = 2n — 3, this degree is ^ deg7j — n + 2, 
exactly as in (pT]) . 

Theorem. The maps £„: A"Tfin(V^) — > rfin(l^)[2 — n] are the Taylor components of an 
Loo algebra structure on Tfin(l^). 

Proof. Consider the relation (j22p for some fixed A^. It can be written as 

the l.h.s. of ([22]) = ^ cr • Alt^^^,„^^^Cr{li «> • • • 7iv) (23) 
reGjv_2jv-4 

where the summation is taken over the admissible connected graphs with A^ vertices and 
2A^ — 4 edges (for 1 edge less than in (I20p ). and cr are some (real) numbers. We need to 
prove that cr = for any F G GN,2N-i- 
For, consider the integral 

/ d{ l\ ct>e) (24) 
JCnx e(iE{T) 

This integral is clearly equal to 0, because all 1-forms (pe are closed (moreover, they are 
exact). Now we want to apply the Stokes' formula. For this we need to construct the 
compactifications Cn,r of the spaces Cn,v which is a smooth manifold with corners, and 
such that the forms (pe can be extended to a smooth forms on C„^r- It can be done in the 
standard way, see [K97], Section 5. Here we describe the boundary strata of codimension 
1 which are the only strata which contribute to the integrals we consider. Here is the 
list of the boundary strata of codimension 1: 

Tl) some S points pi-^,...,pig among the n points approach each other, such that 
2 < tl'S' < n — 1; in this case let Fi be the restriction of the graph F into these S 
points, and let F2 be the graph obtained from contracting of the S vertices into a 
single new vertex. Thus, Fi has S vertices, and F2 has n — S + 1 vertices. In this 
case the boundary stratum is isomorphic to Cs,ri x Cn-s+i,r2^ 

T2) a point q connected by an edge pq is placed on the horizontal line passing through 
the point p. 

We continue: 

= / d{ /\ 4>e)= [_ d{ /\ (t>e)= [_ A (25) 
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Only the boundary strata of codimension 1 do contribute to the r.h.s. integral. The 
strata of type T2) do not contribute because the form (pe vanishes there. We can 
therefore consider only the strata of type Tl). 

For these strata we have the following factorization principle: it says that the integral 
over a stratum T of type Tl) is the product: 




The same factorization holds therefore for the weights Wr- 
We get the following identity: 

J dl IC N,r eeE{r) TddTl "''^•S.ri eeFi "^'^"-S+i.ra eer2 

where the strata T come with its orientation. 

The summands in the r.h.s. are in 1-1 correspondence with the summands in (j22p 
which contribute to cp. Therefore, all cr = 0. □ 

It follows from Lemma 2.1 that this Loo structure has only even non-zero components 
^4) ^6) • • • • On the other hand, Example 2 in Section 2.1 shows that the higher 
components C2n^ n >2, are nonzero. 

We denote the L^o algebra Tfi^{V) with the constructed Lqo structure by T^^{V). 

2.3 Infinite-dimensional formality 

We are now ready to state the main result of this paper. 

Main Theorem. Let V = ® j^z^jj Vi be a non-negatively graded vector space with 

dimVi < oo. Then there is an L^o morphism from the Loo algebra t£^{V) constructed 
in Section 2.2 to the Hochschild complex B.och.Q^{S{V*)) with the Gerstenhaber bracket. 
Its first Taylor component is the Hochschild-Kostant-Rosenberg map. 

We have an immediate corollary: 

Corollary. When V is finite- dimensional, the Loo algebra T£^{V) on polyvector fields 
is Loo quasi-isomorphic to the classical one, which is the Lie algebra with the Schouten- 
Nijenhuis bracket. 

Proof. By the Kontsevich's formality [K97], there is an Loo quasi- isomorphism 
U: Tpoiy{V) Hoch' {S{V*)). By our Main Theorem, there is an Loo quasi-isomorphism 
r4(y) ^ Hoch'(5(F*)). It implies that the two L oo structures on polyvector fields 
are Loo quasi-isomorphic. □ 
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However, for an infinite-dimensional space V, the two structures may be completely 
different. For example, suppose we have a bivector a € 7fin(y) for an infinite-dimensional 
V. The right concept what is that a is Poisson is given by our Main Theorem as follows: 



-£2(0 A a) H — T>C4(a AaAaAa) + -- - = 



(28) 



For a fixed a which is polynomial in coordinates the sum is actually finite. We see, in 
particular, that if a satisfies (j28p . the bivector field A • a, A G C, may not satisfy. That 
is, the equation (j28p is not homogeneous. We call (128p the quasi-Poisson equation. 

In the case when a is a linear bivector field the quasi-Poisson equation ([28j) coincides 
with the classical one: 

Lemma. Let a be a linear bivector on V. Then the higher components C2nio-^'^^) = 0, 
n > 2. That is, l^28\) is equivalent to the Poisson equation {a, a} = 0. 

Proof. Any admissible graph with k vertices which contributes to the Loo algebra C has 
2k — 3 edges. If A; > 2 it implies that there is at least one vertex with at least two 
incoming edges. Then the corresponding operator £r{c^^^) is zero because a has linear 
coefficients. □ 

We expect that there are Poisson bivectors which are of degree > 2 on an infinite- 
dimensional vector space which are impossible to quantize in the sense of deformation 
quantization. As the condition (I28p is non- homogeneous, our formality theorem gives 
a deformation quantization only if all >C2n(o^^") = separately, so we have a sequence 
of homogeneous equations. We expect that this series of equations gives the higher 
obstructions for deformation quantization problem in the infinite-dimensional case. 

Compute now the first obstruction £4(0^^). The list of all 7 admissible graphs (up 
to the labeling) with 4 vertices and 2-4 — 3 = 5 edges is shown in Figure 4. 

Their weights are 2x^1,2x^1,2x1,^1,^,^, respectively. (Here 2 x . . . counts 
the two possible labelings). Clearly only Fi, F4, F5 contribute to ^24(0^^), because 
other graphs has a vertex with 3 outgoing edges. We get the following equation for the 
vanishing of the first obstruction in the infinite-dimensional case: 



When Q is a quadratic Poisson bivector, only C^^ survives because other graphs have 
a vertex with 3 incoming edges. Then in the quadratic case the first obstruction reads 



/13 ^ 13 ^ 7 ^ \ , 

— £ri H ^Ta H >Cr. ](aAaAaAa) = 

V 6 ' 12 ^ 12 ' 



Cy^ [aAaAaAa)=Q 



(29) 
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n r2 Ts 




r4 Ts r6 

Figure 4: The admissible graphs in ^4^5 

3 A proof of the Main Theorem 2.3 
3.1 The new propagator 

Recall that the main configuration space in [K97] is the following space Cn;m- First of 
all, Conin,m is the configuration space of pairwise distinct points n of which belong to 
the upper half-plane, and the remaining m are placed to the real line, which is thought 
as the boundary of the upper-half plane. Then 

Cn,n. = Goivin,m/G (30) 

where G is the two-dimensional group of symmetries of the upper half-plane of the form 
{z ^ az + h\,a & M_l_, h G M}. Here a point z of the upper half-plane is considered as a 
complex number with positive imaginary part. 

Kontsevich introduces in [K97] some compactification Cn,m of these spaces and con- 
structs a top degree differential forms on them, depending on a graph F. We refer the 
reader to [K97], Section 5, for a detailed description of the compactification. 

The top degree differential form on Cn,m is constructed as follows. Firstly one con- 
structs some closed 1-form ^ on the space 6*2,0 ("the propagator"). Now suppose that 
exactly 2n + m — 2 oriented edges of F connect our n + m points. For each edge e of F 
we have the forgetful map t^'- Cn,m (^2,0- Now if the 1-form ^ is fixed, we define the 
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top degree form on Cn,m associated with an admissible graph T as 

e(iE{T) 

(we should have some ordering of the edges to define this wedge-product of 1-forms; this 
ordering is a part of the data of an admissible graph) . 

We see that all the game depends only on the propagator 1-form (p. Our construc- 
tion differs from the one from [K97] only by this 1-form 0. By an admissible graph in 
this Section we mean almost the Kontsevich's admissible graph from [K97], Section 6.1, 
without oriented cycles. Let us give a precise definition. 

An admissible graph in this Section is an oriented graph T with two types of 
vertices, called the vertices of the first and of the second type, such that: 

1) there are no oriented cycles in F; 

2) the vertices of the first type are labeled by {1,2, . . . ,n}, and the vertices of the 
second type are labeled by {1, 2, . . . , m}, 2?7- -|- m > 2, we denote for a vertex v by 
n{v) its labeling; this labeling should obey the following property: 

For two vertices of the first type n{vi) < n{v2) if there is an edge viV2 (32) 

3) each edge starts at a vertex of the first type. 

As in Section 2, we do not include an ordering of the sets Star{v) of outgoing edges from 
the vertices of F in the data of an admissible graph. The reason is that as soon as 
the vertices are labeled, there are the canonical orderings by the label of the end-point; 
here we count first the end-points which are of the first type, then the end-points of the 
second type. 

Recall firstly what the space 6*2,0 is. It looks like an eye (see the left picture in Figure 
5). The two boundary lines comes when one of the two points zi or Z2 approaches the 
real line, which is the boundary of the upper half-plane. The circle comes when the two 
points zi and Z2 approach each other and are far from the real line. The role of the two 
points zi and Z2 here is completely symmetric. Now we are going to break this symmetry. 

Divide the space 6*2,0 into two parts, as follows. Let the point zi be fixed. Draw the 
half-circle orthogonal to the real line (a geodesies in the Poincare model of hyperbolic 
geometry) with zi as the top point , see Figure 6. This half-circle is a geodesic, and the 
group G in (j30l) is the group of symmetries in hyperbolic geometry. This proves that 
this half-circle transforms to the analogous half-circle under any g ^ G. Therefore, the 
image of this half-circle is well-defined on the eye 62,0- 

We show this image schematically in Figure 5 as the border between the light and 
the dark parts. Now we want to vanish the 1-form (p when the oriented pair {zi,Z2) is 
in the light area in Figure 6 {z2 is outside the half-circle). We contract all light area in 
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the left picture in Figure 5 to a point, and we get the right picture in Figure 5. Here 
the both vertices from the left picture, and the upper boundary are contracted to a one 
point, as well as the upper half of the circle. The entire external boundary in the right 
picture is formed from the low boundary component on the left picture. 
Here we give the following definition: 

Definition. A modified angle function is any map from the modified (contracted) 6*2,0 
to the circle unit such that the internal circle (in the right picture in Figure 5) maps 
isomorphically to as the Euclidean angle, and the external boundary component maps 
also to (in the homotopically unique way, with the period vr). 

Here the angle in the internal circle is the Euclidian angle when Z2 approaches zi. 
The period of this angle inside the half-circle is vr, not 27r. 

The Kontsevich's harmonic angle is an example of such a map, see (I36p below. 

Let us recall that the angle function in [K97], Section 6.2, is a map of the eye from 
the left picture in Figure 5 such that the inner circle maps isomorphically as angle, the 
upper boundary is contracted to a point, and the lower boundary is mapped with period 



Let us emphasize a difference between the two definitions: in our case, any angle 
function is a function in a proper sense, while in the Kontsevich's definition it is 
a multi-valued function defined only up to 2tt. Therefore, in our case the de Rham 
derivative (j) = dO \s an exact 1-form, while in the Kontsevich's case it is only closed. But 
a more serious breakdown is that in our case the propagator (j) is not a smooth function 
on the manifold with corners C2,o- This will be the main source of problems in the next 
Subsection, where we prove the property using the Stokes' theorem. 

We define the weight of an admissible graph F as 



where the forgetful map /g associated with an edge e € E{T) is defined just above ()3ip . 

This definition has a small defect caused by non-smoothness of the 1-form (j) on C2,o- 
We advice to the reader skip it for the moment till Section 2.2.2, where we give a rigorous 
definition of the weights in (j37p . 

This definition completely coincides with [K97], Section 6.2, but here we use the 
different definition of the angle function. 

Let us note that, although our 1-form (j) is exact, the integrals Wr are in general 
nonzero, because the spaces Cn,m are manifolds (with corners) with boundary. 

3.2 The proof 

3.2.1 Formulation of tlie result 

Let y be a Z>o-graded vector space over C with finite-dimensional components V^. 



27r. 




(33) 
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Figure 5: The Kontsevich's configuration space C2,o (left) and our modified angle func- 
tion (right) 




Figure 6: The height ordering of two points, Z2 < zi 

See Section 3.1 for our definition of an admissible graph in this Section. Let 
Gn,m,2n+m-2 denotes the set of all connected admissible graphs with n vertices of the 
first type, m vertices of the second type, and 2n + m — 2 edges. Let ZYr(7i A • • • A 7^), 

r G G 

n,rm be the polydifferential operator associated with the graph F and polyvector 
fields 7i, . . . ,7n, see [K97], Section 6.3. Define 

-Fn(7i A • • • A 7„) = X Uviii ^■■■^ln) (34) 

where the weight Wy- is defined in (j33p via the modified angle function. We have the 
following two cases: either F contains an oriented cycle (and in this case clearly our 
Wr = 0), or it does not contain (and in this case is well-defined by Lemma 1.4). 
Therefore, the cochain Tn^ji A • • • A 7„) is well-defined. 
Our main result is the following 

Theorem. Let V be a 7j>o-graded vector space over C with finite- dimensional graded 
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components Vi. Then the maps Tn are well-defined and are the Taylor components of 
some Loo quasi-isomorphism T : Tj^(l/) Hochgj^(5'(y*)) where the l.h.s. is the L^o 
algebra introduced in Section 2. Its first Taylor component T\ is the Hochschild-Kostant- 
Rosenher map ([ip. 

This Theorem is clearly a specification of the Main Theorem 2.3, we prove here this 
Theorem. 

3.2.2 Configuration spaces 

The main problem in proving Theorem 3.2.1 is that the de Rham derivative of the mod- 
ified angle function is not a smooth differential form on the compactified space 6*2,0 • As 
a corollary, we can not apply the Stokes' formula in the same way as in [K97]. There are 
two ways to overcome this problem. The first one is to subdivide the configuration spaces 
Cn,m such that the wedge-product of the angle 1-forms would be a smooth differential 
form on the subdivision. In particular, it is clear how to subdivide C2,o'- the subdivision 
is shown in Figure 7. This way is, however, not acceptable, because the subdivided 
spaces are not manifold with corners anymore, and we can not apply the Stokes' formula 
as well. 



Figure 7: A possible subdivision C2,o (which is not a manifold with corners) 

The second way is to define different configuration spaces, cutting off the area when 
zi < Z2 (see Figure 6) if one have an edge from zi to Z2. The only problem with this 
solution is that the configuration space will depend on the graph F, for each F we have 
its own configuration space. This solution works, as we will see in the rest of this Section. 

Let F be an admissible graph with n vertices of the first type and m vertices of the 
second type. Recall that this means, in particular, that all vertices of the first type are 
ordered and labeled as {1,2,..., n}, and all vertices of the second type are ordered and 
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labeled as {1,2,..., m}. Define the configuration space Cn,m,r as follows: 

Cn,m,r = {zi, . . . , Zn G H; h, . . . ,tn & ^\ 

^ 

Zi ^ Zj for i ^ j , ti < ■ ■ ■ < tm, Zj < Zi if is an edge in T (35) 
— ^ 

and tj < Zi if is an edge in r}/G 

Here H = {z & C, Imz > 0} is the upper half-plane, and the relations zj < Zi and tj < Zi 
in the r.h.s. are understood in the sense of the ordering with half-circle, shown in Figure 
6. The group G in the r.h.s. consists from the transformations G = {z az + b, a e 

R>o,^ G M}. 

Let us note that the graph F in the definition of Cn,m,r may have an arbitrary (not 
necessarily 2n + m — 2) number of edges. If F has no edges at all, we recognize the 
Kontsevich's original space Cn,m- 

It is easy to construct a Kontsevich-type compactification Cn,m,r which is a manifold 
with corners, with projections pr,r' : Cn,m,T Cn',m',r' defined when F' is a subgraph 
of F. The space C2,o,ro) where Fq is just one oriented edge connecting point 1 with point 
2, is shown in Figure 8. 




Figure 8: The "Eye" C2,o,ro 

Here the lower component of the boundary comes when the point Z2 (see Figure 6) 
approaches the real line, the left and the right upper boundary component comes when 
the point Z2 approaches the left and the right parts of the geodesic half-circle in Figure 
6, and the third upper boundary component (the half-circle) comes when Z2 approaches 
zi inside the geodesic half-circle. 

We repeat the definition of the modified angle function from this new point of view: 

Definition. A modified angle function is a map 9 of C2,o,ro to a unit circle such that 
9 is the Euclidean angle varying from — tt to on the upper half-circle, and 9 contracts 
the two other upper boundary components to a point G . 

An example of the modified angle function is the doubled Kontsevich's harmonic 
angle: 
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f{zi,Z2) = -Log 



{Zl - Z2){zi - Z2) 
(Zl - Z2){ZI - Z2) 



where zi > Z2 in the sense of Figure 6 



(36) 



It is clear that the function f{zi, Z2) defined in this way is weh-defined when zi > Z2 and 
is equal to on the "border" circle, see Figure 6. 

Now we define for an edge e of an admissible graph F the 1-form on Cn,m,r as 
(d^), where Fq is the graph with two vertices and one edge e. Finally, we give a 



Let us describe the boundary strata of codimension 1 of Cn,m,T- We will need also 
the space Cn,r defined in Section 2. 

Now is the list of the boundary strata of codimension 1 in Cn,m,v'- 

51) some points pi, . . . ,ps € H, S > 2, approach each other and remain far from the 
geodesic half-circles of all points q ^ Pi, ■ ■ ■ ,Ps connected by an edge with any of 
the approaching S points. In this case we get the boundary stratum of codimension 
1 isomorphic to Cn-s+i,m,ri x Cs,r2 where F2 is the subgraph of F of the edges 
connecting the point p — 1, . . . ,ps with each other, and Fi is obtained from F by 
collapsing the graph F2 into a new vertex; 

52) some points pi,. . . ,ps G H and some points qi,...,qii G M, 2S + R > 2, 2S + 
R < 2m + n — 1, approach each other and a point of the real line, but are far 
from the geodesic half-circle of any other point connected with these points by 
an edge. In this case we get a boundary stratum of codimension 1 isomorphic to 
Cs,R,ri X Cn-s,m-R+i,r2 where Fi is the graph formed from the edges between the 
approaching points, and F2 is obtained from F by collapsing the subgraph Fi into 
a new vertex of the second type; 

53) some point p is placed on the geodesic half-circle of exactly one point q ^ p which 



is far from p, such there is an edge {q,p)- These boundary strata will be irrelevant 
for us because they do not contribute to the integrals we consider. 

Now we pass to a proof of Theorem 3.2.1. 



rigorous definition of the weight: 




eeB(r) 



'e 



(37) 
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3.2.3 Application of the Stokes' formula and the boundary strata 

We need to prove the Loo morphism quadratic relations on the maps J-n- Recall, that 
for each k >\ and for any polyvector fields 71, . . . , 7^ G T^^{V) it is the relation: 

<iHoch(^fc(7i A • • • A 7fc)) + 

kHN- fcV ^ ±-^fe-7v(^iv(7a(i) A • • • A 7,(^)) A 7<x{fc-iV+i) A • • • A 7,(fc)) + 

2<N<k '' aeSk 

\ X] j^I 2Z =^ [•^'^ (^-^(1) ■ ■ ■ ^'^i'^) ) ' ^'^^{a+l) A • • • A 7^(A.) )] = 
a,6>l,a+6=fc fSSfc 

= 

(38) 

The l.h.s. of psp is a sum over the admissible graphs V G Gn,m,2n+m~3 with n vertices 
of the first type, m vertices of the second type, and 2n + m — 3 egdes (that is, for 1 edge 
less than in the graphs contributing to J-n)- This sum is of the form: 

l.h.s = arUv (39) 

where ap' are some complex numbers, and Uyi are the Kontsevich's polydifferential 
operators from [K97]. It is clear that allUY' do not contain any oriented cycle. 
Our goal is to prove that all numbers ar' = 0. 

Each ap' is a quadratic-linear combination of our weights Wy for T € Gra,m.2n+m-2- 
There is a way how one can get some quadratic-linear combinations of which are 
equal to 0. This way is the following: 

Consider some V G Gn,m,2n+m-3- We associated with it a differential form 
Aeg£;(r') C'n,m,r'i as before. Now consider 



Cn,m,r' 



d{ f\ 0e) (40) 

e€E{r') 

This expression is because the form AeG-E(r') <?^e is closed (moreover, it is exact). Next, 
by the Stokes' theorem, we have 

= / d{ f\ cPe)= [ { f\ c^e) (41) 



Now only strata of codimension 1 in dCn,m,r' do contribute to the r.h.s. They are given 
by the list Sl)-S3) in Section 3.2.2. 

The strata S3) clearly do not contribute because of our boundary conditions on the 
modified angle function. 

For strata SI) and S2) we have the following factorization lemma: the integral over 
the product is equal to the product of integrals. 

This allows us to prove the following key-lemma: 
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Key-Lemma. For any graph V € Gn,m.2n+m-i, the coefficient or' in i39\) is equal to 
IdC Xl\e<^E(V')^e) (wkick is zero by the Stokes' formula). 

Theorem 3.2.1 clearly follows from this Lemma. 
To prove the Key-Lemma, we express 

/ i A ^e) = [ (A ^^)+/ ( A ( A ' 

(42) 

the integral over the boundary dCn,m,r' as the sum of the integrals over the three types 
of boundary strata Sl)-S3) of codimension 1. 

As we already mentioned, the integral fg^^^ ^, (Aee_E;(r') 't'e) ^ by the boundary 
conditions for the propagator. 

The summand Jq^^^ , (Aee£(r') '^e) corresponds exactly to the first and to the 
third summands of the l.h.s. of (|38p containing the Hochschild differential and the 
Gerstenhaber bracket, by the factorization lemma. 

It remains to associate the boundary strata SI) with the second summand of (j38p . 
containing operations C^. It is clear that the part of the second summand of (j38p for a 
fixed A'^ is in 1-1 correspondence with that summands in Jq^^q , (Ae6_B(r') "^e) where 
S = N points in the upper half-plane approach each other. 

Remark. In [K97] where this kind of computation is originated analogous strata of type 
SI) give vanishing integrals for N > 2. This is why Kontsevich gets the formality theorem 
there. This vanishing is proven by a rather non-trivial computation. As we have seen in 
Section 2.1, Examples 1 and 2, the analogous vanishing fails for our construction. 

Theorem 3.2.1, and the Main Theorem 2.3, are proven □ 
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